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Abstract. This paper takes up the systematic study of the Gottheb 
groups Gn+k{^^) of spheres for A; < 13 by means of the classical homotopy 
theory methods. The groups Gn+ki^"^) for < 7 and k = 10, 12, 13 are fully 
determined. Partial results on Gn+ki^^) for A; = 8, 9, 11 are presented as well. 
We also show that lin, riicFn^i] = if n = 2* — 7 for i > 4. 



Introduction 

The Gottlieb groups Gk{X) of a pointed space X have been defined by Got- 
tlieb in [Z] and 0; first Gi{X) and then Gk{X) for all A; > 1. The higher 
Gottlieb groups Gk{X) are related in |H] and [Oj to the existence of section- 
ing fibrations with fiber X. For instance, if Gk{X) is trivial then there is a 
homotopy section for every fibration over the {k + l)-sphere S'^"'"^, with fiber 
X. 

This paper grew out of our attempt to develop techniques in calculating 
Gn+ki^"") for A; < 13 and any n > 1. The composition methods developed by 
Toda jni] are the main tools used in the paper. Our calculations also deeply 
depend on the results of [12], [E] and [T^ . 

Section 1 serves as backgrounds to the rest of the paper. Write /,„ for the 
homotopy class of the identity map of S". Then, the homomorphism 

P':7r,(§")-^7rfc+„_i(§") 
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defined by P'{a) = a] for a G 7rfc(§"') [TU] leads to tlie formula Gki^"') = 
kerP', where [— , — ] terms the standard Whitehead product. So, our main 
task is to consuh first [101, dl, dl, d, iSOj and about the order of 

a] and then to determine some Whitehead products in unsettled cases 
as well. In the light of Serre's result the |)-primary component of 

G'2m+A:(S^™) vauishes for any odd prime p, if 2m > A; + 1 (Proposition ^3)) • 

Let EX be the suspension of a space X and denote by E : 7fk{X) —>■ 
7ik+i{EX) the suspension map. Write ri2 G 7r3(S^), z/4 G 7r7(S^) and as G 
7ri5(S*) for the Hopf maps, respectively. We set 77^ = £'""^772 ^ 7r„+i(S") for 
n>2,Un = E-^-^Vi G 7r„+3(§") forn > 4 and (T„ = £""^8 G x„+7(§") for 
n > 8. Write rjl = Vn ° Vn+i, t^I = T^n+z and = o-„ o (t„,_^7. Section 2 
is a description of (j'„4.fc(S") for k <7. To reach that for Gn+eiS"^), we make 
use of Theorem 12.21 partially extending the result of [15;: [tn, J^n] = ^/ ^'^^ 
only if n = 4,5,7 (mod 8), n = 2* — 3 or n = 2* — 5 /or i > 4; for the proof 
of which Section 3 and Section 4 are devoted. 

Section 5 devotes to proving Mahowald's claim: ct^] 7^ for n = 
7 (mod 16) > 23. 

Section 6 takes up computations of G„+fc(§") for k = 10, 12, 13 and partial 
ones of Gri+fc(S") for k = 8,9, 11. In a repeated use of jTH], we have found 
out the triviality of the Whitehead product ^Tj : 

[in, vlcrn+2] =0, if n = 2^ - 7 (2 > 4), 

which corrects thereby |_19^ for n = 2* — 7. 

The authors thank Professor M. Mimura for suggesting the problem and 
fruitful conversations. Professors H. Ishimoto, I. Madsen, M. Mahowald, Y. 
Nomura and N. Oda for helpful informations on the orders of the Whitehead 
products [in,/-'^] and [in,crn]- 

The authors are also very grateful to Professor H. Toda for informing 
the order of the Whitehead product [L2n, [^■2n, tti(2ri)]] for n > 2 (Proposition 
II. 5|) . where ai(2n) is a generator of the 3-primary component of 7r2n+3(S^"). 

1 Preliminaries on Gottlieb groups 

Throughout this paper, spaces, maps and homotopies are based. We use the 
standard terminology and notations from the homotopy theory, mainly from 
pij . We do not distinguish between a map and its homotopy class. 
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Let X be a connected space. The k-th Gottlieb group Gk{X) of X is the 
subgroup of the fc-th homotopy group i^kiX) consisting of all elements which 
can be represented by a map f : ^ X such that / V idx : V X ^ X 
extends (up to homotopy) to a map F : S'' x X —>■ X . Define Pk{X) to be 
the set of elements of 7rk{X) whose Whitehead product with all elements of 
all homotopy groups is zero. It turns out that Pk{X) forms a subgroup of 
7rk{X) and, by |Hl Proposition 2.3], Gk{X) C Pk{X). Recall that X is said 
to be a G-space {resp. W-space) if vrfe(X) = Gk{X) {resp. 7rk{X) = Pk{X)) 
for all k. 

Given a G 7rfc(S") for A; > 1, we deduce that a G Gfc(S") if and only if 
[Ln,<y] = 0. In other words, consider the map 

P':7rfe(§")-^7rfc+„_i(§") 

defined by P'{a) = [i„, a] for a G 7rfc(S"). Then, this leads to the formula 

Gfc(§") =kerP'. 

Write now {t for the order of a group or its any element. Then, from the 
above interpretation of Gottlieb groups of spheres, we obtain 

Lemma 1.1 //7rjfc(§") is a cyclic group for some k > 1 with a generator a 
then Gki^") = (ttK,«])vrA:(S"). 

Since S" is an H-space for n = 3,7, we have 

^^(S") = 7rfc(§") for A; > 1, if n = 3, 7. 
We recall the following result from 11^ and |2Z] needed in the sequel. 

Lemma 1.2 (1) If ^ e rj G 7r„(X), a G 7rfc(§™), (3 G 7ri(§") and if 

[C) ^] = then o a,ri o [3] =0. 

(2) Let a G 7ik+i{X), j3 G -Ri+iiX), 7 G 7r„(§^) and 6 G 7r„(§0- 
Then [a oE-f, po ES] = [a, p] o ^(7 A S). 

(3) Ifae 7rfc(§2) and (3 G 7ri(§2) ^/ien [a, /9] = un/ess k = I = 2. 

(4) = [«,/?] forae nk+iiX) and /3 E 7r^+i(X). 
/n particular, 2[a, a] = for a G 7r„(X) z/n is ode?. 

(5) If ai,a2 G 7rp+i(X), /3 G 7rg+i(X) and p > 1, then [ai + a2,/9] = 
[cti , [5] + [a2 , and [(3,ai + 02] = ai] + 02] • 

(6) E[a, l3] = id for a e Tik^X) and (3 G 7r;(X). 

(7) 3[a, [a, a]] = /or a G 7r„_,_i(X). 
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Let Gk{X;p) and TTk{X;p) be the p-primary components of Gk{X) and 
7rfc(X) for a prime p, respectively. But for X = recall the notation from 



As it is well-known, i„] = if and only if n = 1, 3, 7 and |t[i„, i„] = 2 
for n odd and n ^ 1,3,7, and it is infinite provided n is even. Thus, we 
have reproved the result |H] that G'„(S") = 7r„(S") = Z for n = 1,3,7, 
^^(S") = 27r„(§") ^ 2Z for n odd and n ^ 1,3,7, and G„(§") = for n 
even, where Z denotes the additive group of integers. It is easily obtained 
that Gk{^"') = Pk{^^) for all k,n [Hi Theorem 1.9]. In other words, on the 
level of spheres the class of G-spaces coincides with that of VF-spaces. 

Let now n be odd. Then, by Lemma IT^ (4) . (5) and (7), [in, [tn, Ln]] = 0. 
Furthermore, by Lemma 11.21 fl). (4) and (5), [26„,i„] = implies that 
[in, 2a] = for any a E 7rfc(§"), that is, 27rfc(§") C Gfc(§") and thus p) = 

7rfc(§";p) for any odd prime p. In the light of [17 , we also know 

(1-1) 'Ahn, hn, t2n]] =3, if n > 2. 

Whence, Lemma fl.2l and (jl.lj) yield the results proved partially in [U]. 

Corollary 1.3. (1) 3[i„,in] £ G'2„_i(S"). In particular, a[6„,i„] G 
G'2n-i(S") for n even if and only if a = (mod 3). 

(2) Ifk>3 then ^^(S^) = 7rfc(§2). 

(3) If n is odd and n ^ 1,3,7 then 27r;c(§"') C In particular, 
Gk{^"",p) = nk(S^;p) for any odd prime p and k > 1. 

(4) ^^(S") = 7rfc(§") provided that E : 7rfc+„_i(§'^) 7rfc+„(§"+i) is 
a monomorphism. 

We note that P' and the homomorphism 



m. 




7rfe+„-i(§") (A:<2n-2) 



in the EHP sequence are related as follows: 



P' = PoE 



m+l 



for A; < 2n - 2. 
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Let SO{n) be the rotation group and J : Tik^SOiji)) — > 7r„+fc(§"') be 
the J-homomorphism and A : 7rfe(S") TTk_i{SO{n)) the connecting map 

associated with the fibration SO{n + 1) g". w^e recall 

(1.2) P' = JoA 
and so, 

(1.3) ker{A : 7rfc(§") ^ 7r,_i(50(n))} C ^(S"). 

In virtue of [27^ Chapter IV] ([31, (13.1)]), Serre's isomorphism 

(1.4) 7r,_i(§2™-^p) © 7r,(§^"^-^p) - 7r,(§2-;p) 

is given by the correspondence (a, /5) i— > i?a + [t2m5 '-2m] ° /3. 
We show 

Proposition 1.4. Let p 6e an odd prime and n even. 

(1) Ifn>k + 1 then G'„+fc(§";p) = 0. 

(2) Suppose that 7r„+fc(S'^;p) is cyclic with a generator 0, Tin+kiW'^v) = 
Enn+k-iiW'-^^p) and that E^-^ : 7r„+fc(§'^;p) ^ vr2„+fc-i(§2-i; p) 

zs an epimorphism. Then, Gn+k{^"',p) = {^{kei E"'^^)6} . 

Proof. By the Freudenthal suspension theorem, E : 7r„+fc(S") ^ 7r.„+fc+i(§"+^) 
is an epimorphism, if n = + 1 and an isomorphism, if n > A; + 2. For the 
case n = A; + 1, by the EHP sequence 

vr2n-2(S'"-')^7r2„_i(§'^)^7r2„_i(§2"-i) 

we get 

vr2n_i(S") = L;7r2„-2(S"-^) ® Z{a}, 

where a = ri2, z/4, as according as n = 2, 4, 8 and a = 6„] for n otherwise. 
So, by the EHP sequence 

vr2„+i (S'"+^ )^n2n-i (§"■) ^vr2„, (§"+^ ) 
and by the Freudenthal suspension theorem, 

= UE""P) for any e 7r„+fc(§";p) and m > 1. 
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Hence, by Lemma fl.2l f2) and (jl.4j) . we obtain 
This leads to (1). 

(2) is easily obtained from p.4j) and the proof is complete. □ 

The notation 7r„+m(S") = {cxn} resp.) means that there exist 

some k > 1 and an element ak (tt(fc), resp.) G iTk+mi^'') satisfying a„ = 
E'"'~^ak {a{n) = E"'~'^a{k), resp.) for n > k. For the p-primary component 
with any prime p, the notation is available. 

Hereafter, we omit the reference [21] unless otherwise stated. Now, we 
know that 7r„+3(§";3) = {ai(n)} ^ Z3 and ^„+7(S";3) = {a2{n)} = Z3 
for n > 3. Write { — ,—, —}n for the Toda bracket, where n > and 
{ — ,—,—} = { — ,— ,— }o. We recall that there exists the element /3i(5) G 
7ri5(S^) satisfying /3i(5) G {ai(5), a;i(8), ai(ll)}i, 3/?i(5) = -ai(5)a2(8) and 
that ^„+io(S"; 3) = {A(n)} ^ Zg for n = 5, 6 and = Z3 for n>7. 

Let fi2§2m+i _ ^(^§2m+i) ^^^^^^ ^^^^ gp^^^ of S^^+i and Q^™-i = 

f2(fi^§^™"'"^, S^™"^) the homotopy fiber of the canonical inclusion (the double 
suspension map) i : §2m-i _^ ^2g2m+i_ Then, the following result and its 
proof have been shown by Toda [33] . 

Proposition 1.5. Let n he even and n > 4. Then [t^, 7^ ^/ 

and only if n ^ A and n = 1 (mod 3). 

Proof. It is well-known that [/.„, in]] £ Ercsn-si^"'^^) ■ So, by the (mod 
3) EHP sequence (2.1.3), Proposition 2.1], we have 

[in,i„]] = ±EP{i{n — l)), where z(n — l) is a generator of 7r3„_3((52~^; 3). 

By the naturality jHH (2.1.5)], we obtain [i„,ai(n)]] = ±EP{ai{n — 1)), 
where ai(n-l) = z(n- l)ai(3n-3) G TTjn{Q2'^;3)- By Proposition 4.4], 
(f + l)ai(n - 1) = HP{t{n + 1)). So, P{ai{n - 1)) = ±PHP{i{n + 1)) = 
if n ^ 1 (mod 3). For the case n = A, the assertion is trivial. 

Next, assume that n 7^ 4 and n = 1 (mod 3). Then, by Theorem 
10.3], there exists an element v G 7r3„_4(S"~^) satisfying H{v) = b{n — 5) and 
E'^v = P{ai{n — 1)), where b{n — 5) = i{n — 5)/3i(3n — 15). Furthermore, by 
[Sni Proposition 5.3.(ii)], we obtain P{a2{n—3)) = 3v, where 02(^—3) = z(n— 
3)a2(3n — 9). So, by the (mod 3) EHP sequence, we have P{ai{n — 1)) 7^ 0. 
This implies the sufficient condition and completes the proof. □ 
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2 Gottlieb groups of spheres with stems for 

k<7 

According to [TU], [TT], [T3], [TH], ISO] and jSI], we know the following results: 

(2.1) [in, ?7n] = if and only if n = 3 (mod 4) or n = 2, 6; 

(2.2) [in, Vn] = if and only if n = 2, 3 (mod 4) or n = 5. 
Hence, Lemma fl . II completely determines Gn+k{^"') for k = 1,2. 

We recall that 7r| = {u'} = Z4. Write u for a generator of the J-image 
J7r3(5'0(3)) = 7r6(S'^) = Z12 satisfying u = u' + ai(3). We recall the relation 
±[<.4, 64] = 21^4 — Sz/'. By abuse of notation, i/„ represents a generator of 7r"_,_3 
and 7r„4.3(S") for n > 4, respectively. Then, 7r7(S'^) = {h'4^,Euj} = Z © Z12, 
7r„^3(§'^) = {u^} ^ Z24 for n > 5. By 0, [^4,^^41 = 2i/|. In the light of 
Lemma fl.2l f2) and the relation u'l/g = 0, we obtain 

[t4, Eu'] = [ii, Li] o E{i-i A u') = (2z/4 - Eu') o 2z/7 = 4z/^. 

So, we have 2Eu' = rjl E Gt{S'^). Consequently, by Corollary 11.31 (1) and 
Proposition II. 4| 

G'7(§^) = {3[i4, ^],2Eu'} ^ 3Z © Z2. 

In the light of [12], [IH!, [SO], |SII, Corollary 0(3) and Proposition [HI we 
know the following: 



(2.3) tt[t„,z/„] = 



1, 


if n = 


7 (mod 8), n = 


= 2* - 3 for 


i > 3; 


2, 


if n = 


1,3,5 (mod 8) 


> 9 and n 




12, 


if n = 


2 (mod 4) > 6, 


,n= 12; 




24, 


if n = 


(mod 4) > 8 


unless 12. 





Thus, Lemma ITTT] leads to a complete description of G'„+3(S"). 
Now, we recall the following relations: 

Vn^^n+i = for 72 > 5 and I'nVn+s = for n > 6. 

By the relation i^'tj^ = 7731^4, we have [^.4, z/4777] = [l^, {Eu')rii] = [l^, u^ijg] = 0. 
Hence, by the group structures of 7r„_|_fc(§") for k = 4,5, we get 
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Proposition 2.1. G'„+4(S"') = 7r„+4(S"); G'„+5(S") = 7r„+5(§") unless n = 
6 and Gui^^) = 37rn(§6) ^ 3Z. 

In the next two sections, we will prove the following result partially ex- 
tending that of Theorem 1.3]. 

Theorem 2.2. [/.„, u^] = ^/ and only if n = 4,5,7 (mod 8), tj, = 2* — 3 
or n = 2* — 5 /or z > 4. 

We recall that ^io(S^) = {zy|, ai(4)ai(7), z/4ai(7)} = Zg © (Zg)^. By j21 and 
the relation ai(7)ai(10) = 0, we get that [^4, z^4ai(7)] = [z,4, ai(4)a!i(7)] = 
i4](ai(7)ai(10)) = 0. Recall also that irf^ = W"} = ^2, tt^s = W"} = Z4, 
ttI^ = {a'} ^ Zg, where Ea'" = 2a", Ea" = 2a' and E^a' = 2a^. By and 
pij . we obtain 

[/,5, a"'\ = L5] o E'^a'" = 0, [ie, a"] = [lq, lq] o = lq] o an) 

and 2[/,6, cr"] 7^ 0. We recall the relation ±[^8,^8] = 2as — Ea'. In yrfg = 
Zi6{cT|}©Z8{(^cr')ai5}©Z4{ft;8}, we have [t8,^a'] = 2[Ls,L8]a^5 = ±2(2^2- 
(£'cr')(Ti5) and in view of |2J, we obtain [tsjCrs] = ['-Si'-s] ° <^i5 = ^(Scrl — 
(£;a')ai5). We know that 7r„+7(§"; 5) = {a'^{n)} = Z5 for n > 3. Thus, by 
Corollarv 11.31 Proposition 11.41 and Theorem 12.21 we obtain 

Proposition 2.3. G'„+6(S") = ^„+6(S") ?/n = 4,5,7 (mod 8), n = 2' - 3 
or n = 2* — 5 and Gn+ei^"') — otherwise. 

Furthermore, Gn+7(S") = if n = A,Q, Gi2(S^) = ni2i^^), Gi^i^^) = 
{3[ls, LslAEa'} ^ 3Z©Z2. 

Let H : 7rfc(S") 7rfc(S^"'~^) be the Hopf homomorphism. Then, by P 
and [27, Proposition 4.5], there exists an element 7 e TT2n-s satisfying 

(2.4) [in, Ln] = E'^'j and H-j = a2n-i5, ii n = 7 (mod 16) > 23. 

According to Mahowald j2I] and ()2.4|) . we obtain 

Theorem 2.4. [tn,o"„] 7^ 0, if n = 7 (mod 16) > 23. /t desuspends seven 
dimensions whose Hopf invariant is 0"|„_i5. 
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By abuse of notation, cr^ represents a generator of 7r"_,_7 and 7r„+7(S") for 
n > 8, respectively. Combining the results of [TH], [IH], EB; Corollary [01(3), 
Proposition 11.41 and Theorem 12. 4t 



(2.5) tt[i„,aj 



240, if n is even and n > 10; 

2, if n is odd and n > 9 unless r?, = 11 

or ?T, = 15 (mod 16); 
1, if n = 11 or n = 15 (mod 16). 



Whence, by means of Lemma fl.H the groups G'„+7(S") for n > 9 have been 
fully described as well. 



3 Proof of Theorem 12. 2L part I 

Denote by z„(M) : SO{n - 1) ^ SO{n) and p„(M) : SO{n) §""1 the 
inclusion and projection maps, respectively. Hereafter, we use the following 

exact sequence induced from the fibration SO{n + 1) g"; 

{SOD ^fc+i(§")^7r,(50(n))^7rfc(50(n + 1)) J^7rfc(§'^) ^ • • ■ , 

where i = ■i„_|_i(M) and p = p„+i(M). 

Since SO{n) = SO{n - 1) x for n = 4, 8, we get that 

(3.1) A7rfe+i(§") = 0, if n = 3,7. 

By the exact sequence (50") and the fact that 7r„ (5*0(71)) = Z for n = 
3 (mod 4) jHj, we have 

(3.2) A77„ = 0, if n = 3 (mod 4). 
We recall the formula ^3 Lemma 1] 

(3.3) A(a o Ep) = Aaof3. 
By dsn and (Q, 

(3.4) A{r]l) = 0, if n = 3 (mod 4). 

Denote by Vn,k the Stiefel manifold consisting of /c-frames in for k < n — 1. 
Then, we show 



9 



Lemma 3.1. (1) A{ijI) = 0, if n = 5 (mod 8); 
(2) A(i/|„) = 0, zfn IS odd. 

Proof. Since 'K^{SO{h)) = Z [H], A : 7r8(§^) ^ 7r7(^0(5)) is trivial and 
= 0. So, by dSil), A(z/2) = 0. Let now n = ^ (mod 8) > 13. We 
consider the exact sequence (5C"_,_5): 



In the hght of [12 , 7r„+6(K+8,8) = ^8 and by [5 , 7r„+5(S'0) = 0. So, 
Tin+5{S0{n)) = Zg. By [HI, 7rn+5{SO{n + 1)) = Zg. From the fact that 
7r„+6(S") = {ul} = Z2, we obtain A{ul) = 0, and hence (1) follows. 

We obtain 7rg{SO{4:)) = Tig{S0{3)) © 7r9(§3) ^ (Z^f, and so A(z/|) = 0. 
Let now n > 3. Then, we consider the exact sequence (SOl^^r,): 

vr4„+6(S'") ^ 7r4„+5(^0(4n)) ^ 7r4„+5(^0(4n + 1)) 0. 

By Ha, 7r4„,+5(50(4n+l)) = Z2. By P, ii3(K), : nir{S0{12)) ^ 7ri7(50(13)) ^ 
Z2 is an isomorphism, and hence A(z/^2) = 0- Let n be odd and > 5. In 
the light of 

7r4„+5(S'C'(4n)) = 7r4„+5(S'0) © vr4„+6(^4n+8,8), if > 4. 

By means of j3] and [12], 7r4„+5(S'0) = Z2 and vr4.„+6(V4„+8,8) = 0. Hence, we 
obtain A(z/|„) = if n is odd with n > 5. This leads to (2) and completes 
the proof. □ 
[T^ Theorem 1.3] suggests the non-triviality of [Ln,^n] = 0)1)2, 

3,6 (mod 8) > 6 and [25, Proposition 3.4] gives an explicit proof of its non- 
triviality for n = 2 (mod 4) > 6. 

By Lemma 11121(1) and ()2.3j) . we have [in,J^n] = if n = 7 (mod 8) or 
= 2* — 3 for i > 3. In virtue of Lemma [3.1 1 and by p.2j) . we get that 

(3.5) ul] = 0, if n = 5 (mod 8) 




A 



7r„+5(^0(n + l)) -^0. 



TTn+5{S0{n)) 



TCri+5{S0) © 7r„+6(K+8,8)- 



and 



(3.6) 



[in, vl] = 0, if n = 4 (mod 8). 
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Given elements a G 7r„+fc(S") and /3 G 7r„+fc(S'0(n+l)) satisfying p„+i(]R)/? = 
a, then j3 is called a lift of a and we write 

(3= [a]. 

For A; < n — 1, set ifc,n = "^^(1^) o ■ ■ ■ o 2;i._|_i(]R). 

Let now n = (mod 4) > 8. By and 'K2n+z{SO{2n - 2)) = 
Z © Z4. In the exact sequence {SO'^^'l), P2n-2(IR)* : 7r2„+3(S'0(2n - 2)) 
7r2n+3(S^"~^) is an epimorphism by Lemma (3. II fl). So, the direct summand 
Z4of 7r2n+3(^0(2n-2)) is generated by ^.3]. By |l41, 7r2„+3(50(2n+l)) ^ 
Z © Z2 and 'K2n+z{SO{2n + 2)) = Z. It follows from {SOlHl) that the 
direct summand Z2 of 7r2n+3(>S'0(2n + 1)) is generated by Az^2n+i- By [T3], 
'K2n+^{SO{2n + A; - 1)) = Z © Z2 for < < 2. Hence, by use of {SO'^^Xl"^) 
for -1 < < 2, (i2n-2,2n+i)* : T^2n+?.{SO{2n - 2)) H2n+?.{SO{2n + 1)) is 
an epimorphism and we get the relation 

(^2n-2,2n+l)*[t'2n-3] — ^^2n+l- 

Thus, we conclude 

Lemma 3.2. E'-^ J[vl^^_^] = [/.2n+i, i^2n+i], if n = (mod 4) > 8. 
Next, we need 

Lemma 3.3. Let n = 3 (mod 4) > 7. Then, 

(1) {A/,„,?7„_i,2t„} = 0; 

(2) A{E{rin-i,2Ln, a}) = 0, where a G 7rfc(§") is an element satisfying 
2Ln o a = 0. 

Proof. By the properties of Toda brackets and the fact that 27r„_|_i (5*0(71 + 
1)) = 0, if n = 3 (mod 4) > 7 [Hj, we obtain 

2„+i(]R)o{Ai„,r7„_i,26„} = -{2„+i(]R), Ai„,r7„_i}o26„+i C 27r„+i(S'0(n+l)) = 0. 

It follows from {SO"^^^) and O that in+i(M), : 7r„+i(50(n)) 7r„+i(50(n+ 
1)) is a monomorphism. This leads to (1). 

By ()3.3p and (1), for any (3 G {r7„_i, 26„, a}, we obtain 

A{Ep) G Ai„ o {rjn-i, 2i„, a} = -{Ai„, r^^^i, 2i„} o = 0. 

This leads to (2) and completes the proof. □ 
We recall that £„_i G {77„_i, 2i„, z/.^} and G {77„_i, 2i„, for 
n > 5. So, by (j3.1|) and Lemma IX^ f2). we obtain 
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Example 3.4. Let n = 3 (mod 4). Then, 

(1) A^n = 0; 

(2) A//„ = 0. 



Hereafter, we use often the EHP sequence of the following type: 

y '-'n+k) ''n+fc+2 ^''n+fc '^n+k+l' 

It is well-known that 



H[Ln, = for 71, odd, and H[in, iri\ = ±262n-i for n even. 
So, by Proposition 2.5], we obtain 

Lemma 3.5 Suppose that n^^+X^ = E^nlXk-^ and n^^-,} = Enllf_^. Then 
HPKlll,) = Oforn odd and HP{nllil,) = 2nllf for n even. 

Suppose that Aa = for a G 7rjt(§"^^). Then, by ^36^, we obtain 
(3.7) H{J[a]) = ±E''a. 

Now, we show 

I. 1/2] / if n = l(mod 8) > 9. 

In virtue of jSH Theorem 10.3] and its proof, [ig, z/|] = ygvlj ^ 0. 

Let n = (mod 4) > 8. Assume that E^{J[vl^_.^] o i/4„+i) = e 

'nlnXi- Then, by use of {V£'^in+&) and the fact that (^2r^-2,2r^)*[^^2n-3] gen- 
erates the direct summand Z2 of 7r2n+3 (50(277,)), we obtain i?^( J[z/|„_3] o 
i^4n+i) = 8a[t2ri, cr2n] for o G {0,1}. By means of ^| Proposition ll.ll.i)], 
there exists an element (3 G t^'^'^\ such that P(8cr4„+i) = and i//? G 
{2i4„_5, V'in-^, 8cr4„_4}2. By the properties of Toda brackets, we see that 

{2i4„_5, ?74„_5, 80"4„_4}2 C {2/,4„_5, r74„_5, 8cr4„_4} C 
{264n-5, 0, 4(T4„_4} = 2i4„_5 ° T^tn+l + ^4n-3 ° 4(T4n-3 = 0. 

So, there exists an element (3' G 7r4^_,_3 such that (3 = Ep'. Hence, E2( J[z/|„_3]o 
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In virtue of Lemma [121(1) and (j2.ip . [i2n-i;V2n~iC2n] = 0. In the light of 
(|1.2|) and Example 13.41 fl). [L2n-i, £2n~i] = 0, and so -PTr^";^^ = 0. Therefore, 

by (VSt-^). 

^ '■ ^4n+5 ~^ ^4n+6 ^ monomorphism if n = (mod 4) > 8. 

Hence, i?(J[//|„_3] ou^n+i) = aE'^P'. By use of (V£l]!i^l) and ()3.7p . we have a 
contradictory relation 1^1,^-5 = 0- Thus, we get ['-2n+ii ^^L+i] 

We note the relation 

(3.8) i.„(M)(AO = (l + (-l)")^n-i. 

Let n = (mod 8) > 8. By use of {SC^^l) and [H], we get that z„(M)* : 
7r„+i(S'0(?7. — 1)) — > 7r„+i(S'0(n)) is a monomorphism. So, we obtain 

(3.9) Aun-i = 0, if n = (mod 8) > 8. 

Hence, by Lemma IXTl f2). z/„_i and are lifted to [i/n-i] G 7r„,+2('5'0(n)) 
and [i^n-il ^ ''T"n+2('5'0(n — 3)), respectively. We show the following 

Lemma 3.6. Let n = (mod 8) > 16. Then, for some odd x, 

2[vn-i] - Avn = a;(i„_3,n)*K_4]. 

Proof. By use of (^O^^s) for 2 < A; < 4, Lemma O and (H], we see that 
{in-3,n-i)* '■ nn+2{S0{n - 3)) 7Tn+2{SO{n - 1)) = Zg is an isomorphism 
and 7r„+2(50(n - 3)) = {[z/^.J}. In virtue of ^14j, n„.+2{S0{n + 1)) = 
Zg and nn+2{SO{n)) ^ Z24 © Zg. So, by (50^^;^) for A; = 0, 1, we get 
TTn+2{S0{n)) = {Aun, K-i]}- By dniHI), we obtain ]3„(R)(Az/„) = 2i/„_i, and 
hence 2[z/„_i] — Aun G Im (zn(K)* : 7r„+2(S'0(n — 1)) — >• 7r„+2('S'0(n))), where 
z„(]R)^, is a split monomorphism. Since jj(2[i/„_i] — Aun) = 8, we have the 
required relation and this completes the proof. □ 
The relation in Lemma 11.17] is regarded as the J-image of that in 
Lemma 13.61 

Now, we present a proof of the non-triviality of u^] in the case n = 
(mod 8) > 8. 

II. 1^2] ^ if n = (mod 8) > 8. 
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By 1211 (7.19), Theorem 7.7], [isi^^l] ~ '^8C'"iii^i8 7^ 0. Let n = (mod 
8) > 16. In the hght of 0], and [HI, 7r„+5(50(n)) ^ (Za)^ So, by 
and Lemma (3.61 

and hence i/^] = E^{J[ul_^] o z/2„_i). 

Assume that ^^(J[z/^_J o i/2„_i) = 0. Then, E^{J[iyl_^] o i/2„_i) e 
P^ln+l = By Prposition ll.ll.ii)], it holds Tr^;^;^ ^ 

E'^'K2n+i and in virtue of ()2.4p . we have i?^(J[z/^_4] o V2n-i) = o-E'^ {lo-2n-io) 
for a G {0, 1}. So, by using {V£l~l^\) for A; = 0, 1, we get that 

J[^l-i] ° ^2n-i - aE^ja2n-w) -El3e Pn^n+l 

for some P G T^2n+i- Hence, Lemma 13.51 and ()3.7p imply a contradictory 
relation t'In.y = 0, and thus [i„, u"^ ^ 0. 

We note that Nomura has a different proof from II. 



4 Proof of Theroem 12. 2L part II 

Let u;„(M) G 7r„_i(0(n)), u;„(C) G 7r2„(?7(n)) and u;„,(EI) G 'Kin+2{,Sp{n)) 
be the characteristic elements for the orthogonal 0(n), unitary U{n) and 
symplectic Sp{n) groups, respectively. We note that u;„(]R) = Ai„ and 
ti(Ai„) = 2 for odd n > 9. 

Let Tn : t/(n) — > 5*0(271) and c„ : Sp{n) — > SU{2n) be the canonical 
maps, respectively. Set i„(C) : ?7(n — 1) f/(n) for the inclusion map. As 
it is well-known, 

i2„+i(M)r„u;„(C) = t^2n+i(IR) and i2n+i(C)c„t^„(EI) = t^2n+i(C). 

Let 

T2„ = r„t^„(C) G 7r2„(S'0(2n)) and = r2„c„t^„(IHI) e 7r4„+2(5'0(4n)). 
It is well-known that 

P2n(IR)T2„ = (n - l)?72„-i and p4n(IR)T4„ = ±(n + l)z/4„_i for n>2. 
Whence, we obtain 



14 



Lemma 4.1 (1) // n is even and n > 4 then in^iiWjr'^ = Atn+i and 

PniRK = (t - l)^n-i; 

(2) lfn = (mod 4) > 8 then (zn,n+2)r; = K,+2 and p„(M)f; = ±(f + 

l)'^n-l- 

By use of (SO'l'^Xl)^ Lemma lO and we obtain 

(4.1) A«+i) = 4^4n+i(M)TL, ifn > 2. 

So, by (504^.^2)) we have r^^r^^^ - 4f4„ = aAz/4„ for a G {0, 1, . . . , 23}. 
Composing p4n(K) with this relation, using the relation = 12^'4„_i, 

(13. 3p . ()3.8|) and Lemma HHJ a is even and 

(4.2) ri„< = 4fl„ (mod 2Az/4n), if n > 2. 

Set = Jt^^ G 7r4„(§^") and f4„ = Jr^^ G 7r8„+2 (§'*"')• Then, we note 
that 

(4.3) ET2n = [L2n+l,t2n+l],HT2n = {u - l)r]4.n-l 

and 

(4.4) E'^Un = [Un+3, tAn+3],Hf4n = ±{n + l)z/8n-l 

By ()4.ip . we have 

(4.5) [i4„+i , ?74„+ J = 4£'f4„ . 

Let tx be the identity class of a space X. Denote by P"'(2) the Moore 
space of type (Z2,n - 1) and by : S"-^ ^ P"(2), p„ : P"(2) ^ the 
inclusion and collapsing maps, respectively. We recall from that 

(4.6) 2tpn(2) = inVn-lPn, if Tl > 3. 

Let f]n G [P"+2(2),§"] ^ Z4 and fjn G 7r„+2(P"+^(2)) = Z4 for n > 3 be an 
extension and a coextension of r]n, respectively. We note that 

(4.7) f]n G {?7„,2i„+i,p„+i}, if 72 > 3 
and 

(4.8) G {i„+i,2i„,?7„}, if n > 3. 
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We have 

(4.9) 2f]n = rjlpn+2 and 2f/„ = in+inli if n > 3. 

We recall that fjnVn+i = ^E"-^^!/' for n > 3. Furthermore, we recall that 
7r„+8(S") = {£n} = Z2 for 3 < n < 5 and £3 = {r^g, Eu', Uj}. We need 

Lemma 4.2 = {'nnVn+i,Vn+2, t^u+a} ifn>7. 
Proof. By (j4.8p . we obtain 

fjYoug e {is, 777} o 1/9 = -(ig o {2i7, 777, i/g}) C Z8 o 7ri2(S^) = 0. 
So, we can take 

£5 = {r]5, 2ue, z/g} = {775, r76?77, /^g} = {??5??6, ^?7, 1^9} 

and 

e {?7n??n+l, Vn+2, , H Tl > 5. 

The indeterminacy of this bracket is 

VnVn+l O 7r„+8(P"^^(2)) + 7r„+5(§") O Z/„+5. 

For n > 5, by use of the homotopy exact sequence of a pair (P""'"^(2), S""*"^), 
weobtain7r„+8(P"+^(2)) = {^31^^+2}) and so r7„+i07r„+8(P"+3(2)) = {Vn+ii'l+2} = 
0. Hence, the indeterminacy is trivial for n > 7 and this completes the proof. 

□ 

By mi, 7i4n{SO{An)) ^ (Zs)^ or (Za)^, if n > 2. So, 

(4.10) ttri„ = 2, if n>2. 
Now, we prove 

Lemma 4.3 r'^^iijn-i^n = (mod t^^-^^i^'^^{) if n = 1 (mod 8) > 17. 

Proof. By (jSSI), (021), (Q and the relation iyn-iVn+2 = for n > 7, we 
have 'r^_ir7,^_i77n+i = if = 1 (mod 8) > 9. In virtue of Lemma 14.21 we 
obtain 

r^„ir/„_i£„ = r^_;L77„„i O {T]nf]n+l,fin+2, ^u+a} 
= -{'^n-lVn-1, VnVn+1, Vn+2} ° 
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By (|4.1(Jj) and noting that 2Lso{n-i) o a = 2a for any a G 7r„_|_5 (S'0(n — 1)), 
we obtain 

2{T^_^r]n-l,r]nf]n+l,fin+2} = - {'^iSOin-l) , T^-lVn-U VnVn+l} <=> Vn+3- 

We have 

{2.50(n-i),d?7„_i,?7n^„+i} C [P"+^(2),50(n- 1)]. 

By mi, TTn+3{S0{n - 1)) = if n = 1 (mod 8) > 9. So, [P"+^(2), 50(n - 
1)] = TTn+iiSO{n - 1)) o p„+4. In virtue of iSO'^~'l) for A; = 1, 2, 0, 0, [12] 
and ()3.9p . we see that 

-Kn+AiSOin - 1)) = {A(z/„_i), K_2]} O ^ (Z2)l 

Hence, we obtain [P""'"^(2), SO{n — 1)] o r^^+s = 7r„+4(S'0(n — 1)) o r]n+i = 0. 
This leads to the relation 

2{T^_^r]n-l,r]nf]n+l,fin+2} = 0. 

By fl], jS] and [12], we see that 

7r„+5(50(n)) = Zi6 © Z2, if n = 1 (mod 8) > 17, 
where the direct summand Z2 is generated by A(z/^) and 



where the direct summand Z2 is generated by t^_i^'^_i. Thus, for n = 
1 (mod 16) > 17, we obtain 

{T^__^r]n-l,nnVn+l,fln+2} C {t^^iI^I^i} + 87r„+5 (5*0 (n - 1)), 

and so r^_]^r7„_i£„ = (mod t^„iZ/^„i). For n = 9 (mod 16) > 25, by 



{SOl-D, we get 

7Cn+5{SO{n - 1); 2) = {/3, Aa,_i - 2/3, J ^ Z32 © Zg © Z2, 



where (3 is such an element that 16/3 = SAa^-i and z„(]R)/3 is a generator 
of the direct summand Zie of nn+5{S0{n)). Then, by (j3.3|) and the relation 
cT„„iZ/„+6 = for n > 13 [HH (7.20)], we have 



(4.11) 

7rnMS0{n-l))^ 



(Zi6)2 © Z2 © Zi5, if n = 1 (mod 16) > 17; 
Z32 ©Zg ©Z2 ©Zi5, if ri = 9 (mod 16) > 25, 



4(Acr„_i - 2/5) o i/„+5 = 4A(o-„_iZ/„+6) + o 8i/„+5 



0. 
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Consequently, we obtain the relation T^__j^77„_ie„ = (mod r^_if^_i) if n = 
9 (mod 16) > 25 and this completes the proof. □ 
Next, we show 

Lemma 4.4. If n = 0,1 (mod 4) > 8 then [t„, a] 7^ for a = En, i^n o,nd 

Proof. We show [tn,£n] 7^ 0. Let n = (mod 4) > 8. By jSH Proposition 
ll.lO.i)], there exists an element /3 G TT2n+6 such that EP = and 
Hp = ?72n-3^2n-2- Assume that [in,£n] = 0. Then, by iV£'2nlQ), we have 
P E Pnll^^l. This induces a contradictory relation ?72n-3^2n-2 = 0, and 
hence [tn,^ra] 7^ 0. Next, consider the case n = 1 (mod 4) > 9. Then, by 
(1121), l^-n^Sn] = E{Tn-ie2n-2) and if (r„_i£2n-2) = '72n-3^2n-2- Assume that 
[i„,£„] = 0. Then, (P^2ri+6) ^^"^ Lemma EUl lead to a contradictory relation 
^2n-3^2n-2 = 0, and SO [irn^n] 7^ 0. For Other elements, the argument goes 
ahead similarly. □ 

By (II. 3p and Lemma lOl A : 7r„_|_8(§") 7r„+7(S'0(n)) is a monomor- 
phism, if n = 0, 1 (mod 4) > 12. So, by (iSO^^g), we obtain the exact 
sequence 

(4.12) 7r„+9(§")^x„+8(50(n))^7r„+8(50(n + 1))— 0, 

if n = 0, 1 (mod 4) > 12. 



We recall from JH] and [HI] the following: 

(4.13) tj[i„,/in] = 



and 



1, if n = 2, 6 or n = 3 (mod 4); 

2, if n = 0, 1, 2 (mod 4) > 4 unless = 6, 



(4.14) tt[ 



1, if = 5 or n = 2, 3 (mod 4); 

2, if = 0, 1 (mod 4) > 4 unless n = 5, 



/A^^\ ,ir 2 1 f 1, if n = 2, 3 (mod 4) > 6: 

(4.15) «[..,r,X.2] = |2; ifn.0(mod4)>8 



(*) tlk, ^'c^n+2] = 2, if n = 1 (mod 8) > 17. 

Now, we conclude 
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Corollary 4.5. (1) = (mod z/^]) if n = 1 (mod 8) > 9; 

(2) [Ln,'^n] = if n = 5 (mod 8) and [in,Vn£n+l] = K,vl'^n+2] = 

provided n = 5 (mod 8) > 13 unless n = 53 (mod 64). 

Proof. We have [/.9,%^lo] = %C^io?7i7£l8 + CTqVw^IS = ^g^ll^lS + 4c7gZ/i6CTi9 

= 0. For the case n = 1 (mod 8) > 17, (1) is a direct consequence of Lemma 
Ol 

By fl3.3|) and Lemma IXTl fl). we have A(z/^) = 0. So, the first assertion 
of (2) holds. In the light of ,22^, the second assertion of (2) holds for n = 13. 
Let n = 5 (mod 8) > 21. We consider the exact sequence (j4.12j) . By jl], [3] 

and 1121, we see that 



if n = 5 (mod 32) > 37; 
(4.16) nn+8{S0{n +1)) = { {Z^^, if n = 21 (mod 32); 




and 



7r„ 



,s{SO{n)) 




if n = 13 (mod 16) 



if n = 5 (mod 32) > 37; 
if n = 21 (mod 64); 
if n = 53 (mod 64); 
if n = 13 (mod 16). 



By (j4.13|) and (j4.14|). ^ and [in , /"n] ??2n+8 7^ 0. So, by the group 

structures of 7r„+8(S'0(n + k)) for A; = 0, 1, we get that A/i„ is taken as a 
generator of the direct summand Z2 of 7in+8{SO{n)). By ()3.3p and ()4.ip . we 
obtain 

A(?]^a„+2) = 4i„(M)f^_i(T„+i 

and hence 



A(r^^a„+2) 



0, if n ^ 53 (mod 64); 

4i„(M)f;_i(T„+i ^0, if n = 53 (mod 64). 



This leads to the second assertion of (2) and the proof is complete. □ 
By [771 Proposition 4.2], 

[tn,Vn£n+i\ = (mod [t„ , 77^(7^+2] ) , H u = 1 (mod 8) > 9. 

Thus, 

(4.17) [in, VnEn+i] =0, if n = 1 (mod 8) > 9. 

Next, we prove 
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Lemma 4.6. Letn = 1 ( mod 4) > 5. Then E{r2n-2^4n-2) — [hn-i,''^2n-i] 
if and only ^/ [/-2n+i, i^L+i] = 0- 

Proof. By (|4.4j) . {f2n-2^4n-2) = [^2n+i,i^2n+i]- This induces the necessary 
condition. 

Now, suppose that [t2n+i, i^L+i] = 0- Then, by (VSI'^^q), E'^{f2n-2i'ln^2) ^ 
P'k'^XI - ^16- We assume that -E^(r2„_2t'|„_2) = 8aP((74„+i) for a G {0, 1}. 
By Proposition ll.ll.ii)], there exists an element (3 e t^'^'^\ such that 

P(8cr4„+i) = E'^13 and H(3 E {mn-5,'^Un-4,8a4n-4}2- 

We recall that 

/^4n-5 ^ {^4n-5) 2i4„_4, 8cr4„_4}2 (mod Vin-b^An-i) ■ 

Thus, we get 

H(3 = + + yVin-5£4n-4 (x, y E {0, 1}). 

By using (VE'l^'^l) and the assumption, we have 

i?(r2n-2Z^4n-2) " ^^/^ ^ = {F(z^4n-l) , P(£4n-l) } • 

By (jOl), /^(i^4n-i) = -E(r2„_2^'4n-4) and F(£4n-i) = £^(r2n-2£4n-4)- So, by 

(^^4::;4), 

T2n-2J^4n-2 - a(3 - 6r2„-2J>4n-4 " Cr2„_2£4n-4 ^ ^T^^^^l (f*, C G {0, 1}). 

Applying H : 7r4";^4 7r4";^4 to this equation, using (j4.3p . Lemma IX^ and 
the relation ?74„_5Z>4„_4 = t'In.s, we obtain 

^L~5 + a(/"4n~5 + a;Z/^4n - 5 + yVin-b^in-i) + + C?74„_5£4„_4 = 0. 

By the group structure of T^tn+t^ a = c = and & = 1, and so -E(T2„_2i^4„-2) — 
E{j2n-2^in-i)- Wheucc the proof is complete. □ 
Since z/„?7„+3 = and jynVn+s = n>6, Lemma implies 

Corollary 4.7. // [^sn+s, i^L+sl = 0, t/ien [tgn+i , t'|„+i] = 0. 
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Now, we show 

III. [l^, 1/2] ^ if n = 2^ - 5 (i > 4). 

We recall the Mahowald element r][ G vr|(§°) for i > 3 |20|. We set 
Vi-i,m = Vi-i oil ^"^ m = 2*~^— 2 with i > 4, that is, ri'^_i^m ^ 7'"2'-i+m(S'"). 
It satisfies the relation H{r][_^^^) = V2m-i- Then, the assertion follows di- 
rectly from [S]. 

Finally, we show 

IV. 1/2] ^ if n = 3 (mod 8) > 19 unless n = 2^ - 5. 
By III and Corollary 14.71 we obtain 

[.„,z/^^]=0, if n = T-7{i>A). 

Hence, from (|4.17|) and the relation = + Vn^n+i, 

k,^X+2] = 0, if n = 2^-7(2>4). 

Let n = 1 (mod 8) > 17. Considering the exact sequence ()4.12|) . in 
virtue of jl], [HI and [T2j, we obtain 

7rn+8{SO{n)) ^ Z2 © Z2 © Zg and TTn+siSOin + 1)) ^ Z2 © Z4. 

By dUISD, and (*), we know that 

and 

K,??^^(T„+2] ^ 0. 

So, by ()4.5p . we get the relation 

4^(f„_iCr2„) = [in,^?n^n+2] 7^ 0. 

By (*) and ()4.17j) . we obtain 

[in, ly'n] = [tn, vl(^n+2] ^0, if n = 1 (mod 8) > 17 and n ^ 2* - 7. 
Thus, by Corollary 14.71 we obtain the assertion. 

We are in a position to assert that Mahowald's result (TH] should be stated 
as follows. 

Theorem 4.8. Let n = l (mod 8) > 9. Then [i^n,Vn'^n+2] 7^ i/ and only 
ifn ^2^-7. 
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5 Proof of CFiQs+i] 7^ for s > 1 

We give a proof of the first part of Theorem I2.41 First of all, let n = 
2 (mod 4) > 10. Then, by use of (SOI), Lemma 0(1) and 0, we obtain 

n„{SO{n)) = {<} = Z4 and 

(5.1) 2t^ = Arjrr, if n = 2 (mod 4) > 10. 

We recall from p. 95-6] the construction of the element Kj G 7r2i (§''). 
It is a representative of a Toda bracket 

where a = f]g E [P^^(2),§^] is an extension of 779 and /? = z/g G 7ri8(P-'^°(2)) 
is a coextension of ug satisfying a o E(3 = 0. Furthermore, k„ = E"-~'^ki for 
n > 7 and set z/„ = E'^~^i/g for n > 9. Then, we can take 

G {l/n, Vn+S, Vn+i} for 71 > 7. 

By 7r„+4(50(n + fc)) = Z © Z2 for A; = 1, 2 if n = 7 (mod 8). And, by 
{SO'^^, the direct summand Z2 of 7r„+4(S'0(?T, + 2)) is generated by Azy„+2. 
So, the non-triviality of [z/„]r7„+3 G 7r„+4(S'0(n + 1)) induces the relation 
i„+2(M)^([z/„] 77^+3) = Az/„+2. Because of the fact that [in+2,1^^+2] 7^ 0, this 
induces a contradictory relation = Ah'n+2 0- Hence, we obtain 

K]77„+3 = 0, if n = 7 (mod 8). 

Next, by (H], 

{K], '7n+3, 2i„+4} C 7r„+5(5'0(ra + 1)) = 0, if n = 7 (mod 8). 

So, by (jHZI, we have K]^n+3 e {['^n], ^/n+s, 2t„+4} o P„+5 = and hence we 
can define a lift of /t„ for n = 7 (mod 8), as follows: 

G {[z^„],r/„+3, C 7r„+i4(S'0(n + 1)) for n = 7 (mod 8). 

Let n = 7 (mod 8) > 15. By use of {SO^zt), {SO':;^!^) for k = 2,3,5, 
(50;^:^) for 2 < / < 5 and [14J, we obtain 

7r„_4(50(n - 4)) = {/?} = Z; 7r„_3(50(n - 4)) = {[77^5]} = Z2; 
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TXn-2{S0{n-A)) = {[7;t5]r;„_3,Az/„_4} = (^2)^ 
vr„-4(50(n - 3)) = {^._3(M)/5, A.^^s} = (Z)'; 
7r„_3(50(r2 - 3)) = {[r/„_4], A?7„_3} = (Zs)^^; 
x„_2(50(n-3)) = {K_4]r7„_4,Ar/t3} = (Z2)2; 
'Kn-2{S0{n - 2)) = {Ar/„.2} = {'^2?. 
where /3 is a generator of 7r„_4(S'0(n — 4)) and 

(5.2) Ar7„_3 = ^„_3(M)[7;2_5]. 
We need 

(5.3) K(M), ^„(M), Ain-i} 3 Ln-i (mod 2i„_i) for n > 9. 

Since tlK-4] = 2 for n = 7 ( mod 8), [?7„_4] is hfted to [r]n-i] e [P''-'^{2), SO{n- 
4)]. Since p„_3(M)/? = 0, we obtain 

(5.4) /3r7„_4 = 0G7r„_3(5C>(n-4)). 
So, by (jS2I) and (jESl), we get 

(5.5) [r]n-4] e {z„-3(K), A6„_4, 77„_5} (mod z„_3(IR) ° nn-siSOin - 4)) 

+ nn-A{SO{n - 3)) o ?7„_4 = {A77„_3}) forn = 7 (mod 8) > 15. 

By the same reason as ()3.1|1 . we obtain A(f73) = G [P'^ (2), 50(3)]. Let 
n = 7 (mod 8) > 15. Then, by Lemma IHTSl fl) and ()4.7|) . we obtain 

A(?7„_4) = Ai„_4 o r/„_5 G -{A/,„_4, ?7n_5, 2i„_4} o p„_3 = 0. 

So, f]n-i is hfted to [fjn^i] G [P"-2(2), 5C>(n - 3)] for n = 7 (mod 8). We 
note [fin~4 ^ {in~3(M) , A.Ln-4, Vn-b} for 71 = 7 (mod 8) > 15. We show 

Lemma 5.1. Let n = 7 (mod 8) > 15. 

(1) [Vn-^ ^ {in-3(IR), Ai„_4,r/„_5} (mod {Af]n-3} + nn-2{S0{n - 3)) o 

Pn-2 + K) , where K = z„_3 (M) JP"-^ (2) , 50 (n - 4)] + 7r„_4(50 (n - 3) ) o fj^_^. 

(2) ^„_2(M),i^ C {(A77„_2)Pn-2}. 
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Proof. By use of the cofiber sequence 

and (jn^I), we get that [i]n-i] e {i„„3(M), At„_4, 7]„_5} (mod {Afj n-a} + 
n^-2{S0in - 3)) o p,_2 + K) and that [P«-2(2), - 4)] = {[r/^ ^], 

(Az/„_4)p„_2} = Z4©Z2, where [r^^.g] is an extension of ['r]l_^] and 2[r]'^_^] = 
['nl-5]Vn~3Pn~2- Heuce, by 1^^, we see that 

«n-4,n-2j^n-5] ^ ^n-2(IR) O { Ar^^^s, 26„_3, p„_3} = 
-{2„_2(K), A77„_3,2i„_3} opn__2. 

Since {^„_2(M), A?7„_3,2i„_3} C 7r„_2(50(n-2)) = {A?7„„2}, we have ^„_4,„-2 JP"~'(2), 
4)] C {(A?7„_2K_2}. 

By (gTI) and dOl), we have Pfjn-i e ?7„_4, 2i„_3}op.„_2 C 7r„_2('S'0(n- 
2))op„_2- Hence, we obtain z„_2(M)^(7r„_4(S'0(?i-3))or7„_4) c {{Ar]n-2)Pn-2} ■ 
This completes the proof. □ 

We show 

Lemma 5.2. {in-7,n~i)*[i^n-8] = Az/„__i if n = 7 (mod 8) > 15. 

Proof. By the group structures of 7r„_5(5'0(n — 7 + A;)) for < A; < 3 |T3], 
we have {in-7,n-A)*[^n-8] = Atn-A, and so 

{in-7,n-l)*[Kn-s] ^ (^n-4,n-l )* { Ai„_4, f/„_5 , Z?„_4} . 

By Lemma f5.H we obtain 

Z„_3(M) JAt„_4, 77„_5, Un-i} = -{in_3(lR) , Ai„_4, 77„„5} O Z/.„_3 = 
K-4] o z^n-s e {[?7„_4],2i„_3,//„_3}(mod [77„_4] 7r„+6(S""^) 

+7r„_2(5'0(r2 - 3)) O Z/„_2 + o Uns)- 

From the relation i„_2(M)[77„_4] = A/,„_2, we see that 

{in-7,n-l)*['^n-8] & -Z„_l (M) O { At„_2, 2i„_3, i^n-s} 
= {z„_i(R), Ai„_2,2in-3} O '^n-2- 

We note i„_2(M)^(/^ o?„_3) c {A7]„_2} o z>„_3 = = by LemmaO 

and ()3.5|) . Since {z„_i(M), Ai,„_25 2i„_3} = Ai„_i ( mod 2Ai„_i) by ()5.3|) . we 
have 

{z„_l(M), Ai„_2, 2i„_3} O '^n-2 = Az/„_i. 
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This completes the proof. □ 
We can take [z/„] G {[i^n]iVn+3,^n+4:} for n = 7 (mod 8). And we obtain 
2[iJn] = and 2[k„] = [iyn]T^n+8 (iiiod [t'njCn+a). By using these facts and the 
group structures of 7fn+k{S0{n + 1)) for k = 11, 12 and n = 7 (mod 8) > 15, 
we obtain 

Remark 5.3 A hft G 7r„+i4(S'0(?7, + 1)) of k„ is taken so that its order 
is two for n = 7 (mod 8) > 15. 

Let n = 2 (mod 4) > 6. By the relation 4(^„ = Lemma (T^ fl) and 

fl2.2|) . 4[tn,^„] = 0. So, by the relation H[Ln,Cn\ = ='=2C2n-i, we obtain 

(5.6) t[tn, Cn] = 4, if n = 2 (mod 4) > 6. 

By [27, Proposition 4.2], there exists an element Mt G Tr^g^^^g for t > such 
that 

(5.7) [i8t+ii, ^8i+ii] = E^Mt) and HMt = z/igt+is (t > 0). 

Hereafter, we fix n = 16s + 7 > 23. By [TH], there exists a lift [cTn-s] G 
Tin-i{SO{n — 7)) of cr„_8- By use of the exact sequences {SO^Zi) for 6 < 
A; < 8, by the fact that ^Aan-r = 240, Az/^ ^ 7^ and by (gllH), we obtain 
the following: 

7in-i{S0{n - 7)) = {[a„_8],Aa„_7,C7Z/^7} = (Zig)' © Z2 © Z15. 



By use of {SC^Zi) for 1 < A; < 5 and by g], 0, [ig and 
that nn-i{SO{n - k)) = {{in-7,n~k)[crn^8]} = '^4k for k = 1,2,4. Therefore, 
{in-7,n~i)[crn-8] = ±<-i, (^n-7,n) K^s] = Ai„ and 7 in (jTl) is taken as 7 = 
J[a„_8]. By (Q and dHU), A(r7„_ia„) = 2«_ia„_i). Hence, by (0 and 
dniH), 2(£'''7) = [Ln-i,r]n-i] and 2£;6(7cr2„_8) = [^-n-i, ^n-iO-„]. Assume that 
-E'^(70-2n-8) = [tn,o-n] = 0. Then, by (V£2nl^) andLemmalEU E^{'jcr2n-8) = 
[in_i,z/„_i] = E'^Jlun-j]. By (^£^2,7+4)5 we have 

By Corollary 14.51 (2) and its proof, P{i'2n-z) — 0' -Py"2n-3 7^ and 
o , Jo, if 53 (mod 64); 

^l%n-3^2n-lj | 4^(f„,3fT2n-4) , if = 53 (mod 64). 
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So, for b and x G {0, 1}, we have 



n— 3 ■ 

n— 3 



-P/^2n-3 = E(5 and = r]2n-7 1^271-6- Then, by (VS^n+s), we have 
E^{^a2n-8 - JK-7]) - 46f„_3a2„_4 - x(3 E PTil""-^ 



By [31^ Proposition ll.lO.ii)], there exists an element [5 G T^2n+z such that 

n-3 \ 
2n+3J 

2n+5- 

This induces a relation xri2n-7 lJ'2n-& = 0. Hence, a; = and we can set 

£^^(7'72n-8 - A^^n-l]) - 4:bfn-3Cr2n-4 = yP{r]2n-bl^2n-A) for J/ G {0, 1}. 

Since ifr„_3 = z/2„-7 and i^2n-7cr2n-4 = 0, we have t„_3cr2„_4 = E^ for an 
elements ^ G 7r2~+2- By |3H Proposition ll.lO.i)], there exists an element 
13' G 'K2n+2 such that P{r]2n-5l^2n-A) = E j3' and HjS' = r^2„_9/"2n-7- So, we 
have 

This leads to a relation ?/?7|„_g//2n-7 = 0, and hence y = 0. Therefore, by 
fl5.7p . we obtain (n = 16s + 7) 

^'(7^2n-8 - ^K-7] - eM2._lC2n-12) - 46^ = (c G {0, 1}). 

We consider the EHP sequence 

_n~5 E , , -7r2"-9 ^ , ^"-5 

'^2n+l ^ ''2n+2 ^ ''2n+2 ^ ^2n • 

By (I5.6|l . if^ = 4:z(2n-9 for ^ £ {0, 1}, and so there exists an element G 
'^2n+i satisfying E^' = 2^. Since i^ln^l^ = '^2n~^'^ = O5 there exists an element 
^" ^ ^ST-i satisfying i?^^" = Hence, we have 

E\ia2n-8 - ^['^n-7] - eM2,_iC2n-i2) - 26^' € ^vr^;^;' = 0, 

^(7^2n-8 - J['«n-7] - eAf2.-lC2n-12) " 2^^^" ^ ^^2n;2' = 

and 

7a2n-8 - J[Kn^7] - eM2s-lC2n-12 " 2bC G PTlj^-l^ 

We note if(M2s_iC2n-i2) = z^2n-i5C2n-i2 = 0. Then, the last relation induces 
a contradictory relation cr|„_]^5 = K2n-i5- Thus, we obtain the non-triviality 
of [in, CTn] if n = 7 (mod 16) > 23. 

By Lemma (5 .21 we have Un] = E^J[Kn-7] if ^ = 6 (mod 8) > 14. By 
the parallel arguments to the above, we obtain 

Corollary 5.4. [/,„, z/„] ^0, if n = Q (mod 8) > 14. 
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6 Gottlieb groups of spheres with stems for 

8 < /c < 13 

We know that 7r„+8(S"') = = Z2 for n = 4, 5 and that [^4, £4] = {Ei'')ej 7^ 
0, [is, £^5] = T^^m^si 7^ 0. It is easy to show that GielS^) = {{Ea')rii^,a^r]i^ + 
z>g + eg} ^ (Z2)2 and G'i7(§9) = {[/-g, ig]} = Zg. So, by Lemma lOl we get 

G'„+8(§") = 0, if n = 0, 1 (mod 4) > 4 unless n = 8, 9. 

Let n = 3 (mod 4) > 11. Then, by Lemma ITT^ (l) and ()2.ip . [in^VnC^n+i] = 
0. In virtue of ()1.2|) and Example 13.41 fl). we obtain [6„,£„] = 0. Thus, 

G„+8(S") = vr„+8(S"), if n = 3(mod4). 
Now, we show the following 
Lemma 6.1. (1) Let n = 2 (mod 8) > 10. Then Asn = and [in-.i^n] = 

(2) Letn = 6 (mod 8) > 14. Then Asn = 2a(zn(M))[z/2_2] 1/^+4 for a e 
{0,1,2,3}. And the order 0/ A7r„+8(S") is four or two according as n = 
22 (mod 32) or not. 

Proof. Let n = 2 (mod 4) > 10. Then, by the fact that 7r„+i(5C'(n)) ^ Z 
[Hj, we have T^r]^ = 0. So, by (jO)) and (jSH), we obtain 

A{r]nf]n+l) = 2t; 0f]n = T'^0 r]lpn+2 = 0. 

Therefore, by Lemma f4.2| we get 

ASn = Ain O En-l = Ain O {'qn-lVn, Vn+1, J^n+s} 

= -{Ain, Vn-lVn, Vn+l} ° l^n+A- 

We have 

{Ain,r]n-if]n-,rin+i] C 7r„+4 (5*0 (n) ) . 

In virtue of [S] and [12], 7r„+4(S'0(n)) = Zgd, where = 2 or 1 according as 
n = 2 (mod 8) > 10 or n = 6 (mod 8) > 14. Noting the relation Afjn+i = 0, 
we obtain 

4{Ai„, r]n-lf]„, fjn+l} = -Ain O {jJn-lVn, 77„+l , 4i„+3 } 

C -A/,„o7r„+4(§"~') =0. 
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This induces Ae„ G {2d){T!-n+4:{SO{n)) o Un+i). Since 47r„_|_7(S'0(n)) = by 
[HI and [12], we obtain the first assertion of (1). 

Let n = 6 (mod 8) > 14. By the exact sequences (5(9"^4) for k = 
—2, —1 and Lemma ITT] we get that in(K)* : 7r„+4(S'0(n — 1)) nn+4,{S0{n)) 
is an isomorphism and 7r„+4(S'0(n — 1)) = {[^'^_2]} — ^8- This leads to the 
first assertion of (2). 

We recall from [12] that '\\[in,VnO'n+i] = 2 if = 2 (mod 8) > 10. So, by 
the first half, we obtain the second half of (1). 

By (jl.3p and ()2.5|) . A : 7r„+7(§"') 7in+Q{S0{n)) is a monomorphism for 
even n > 10. So, by {SO^^_^j), we have the exact sequence: 

7rn+s{S^)^n„.+7{SO{n))^nn+7{SO{n + 1))— 0. 



By jl] , IS] and [12] , we know that 

7Tn+7{SO{n+l)) ^ 

and by ^J^, 



Zs)^ if n = 6 (mod 16) > 22; 
^2, if n = 14 (mod 16) 





f Z4 0Z2, 


if n = 


6 (mod 32) > 38 






if n = 


22 (mod 32); 




[ ^4, 


if n = 


14 (mod 16). 



Hence, we obtain the second half of (2). This completes the proof. □ 
Now, by Lemma f6.1[ fl). 

[in, En] = and [in, i^n] = [t-n, VnCTn+i] ^ 0, if ^ = 2 (mod 8) > 10. 

Whence, we conclude that 

G„+8(§") = {sn} = Z2, if n = 2 (mod 8) > 10. 

Next, by (|1.3|) and Lemma f6. 11 f2). we obtain 

G'„+8(§") ^0, if n = 6 (mod 8) > 14 unless n = 22 (mod 32). 

By [22], |2H] and [S], we obtain Gi4(S^ 2) = nf^ and G„+8(S") = {Vn(rn+i} = 
Z2 if n = 14,22. Since [te, [/-G) ^1(6)]] = by Proposition 11.51 we obtain 
Gi4(S^; 3) = 7ri4(§^; 3). Thus, we have shown 
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Proposition 6.2. The group G'„+8(S") is equal to the following group: if 
n = 0, 1 (mod 4) > 4 unless n = 8, 9; 7r„_|_8(§") if n = 6 or n = 3 (mod 4); 
{En} = ^2, zf n = 2 (mod 8) > 10. Moreover, G'„,+8(S") 7^ z/ n = 
6 (mod 8) > 14 unless n = 22 (mod 32), GwiS^) = {{Ea')rii5, agrji^ + + 
Es} = {1^2?, Gi7(§^) = {h,^9]} = ^2 an(i G'„+8(S") = {r^n^n+i} = Z2 if 
n = 14,22. 

Finally, we propose 

Conjecture 6.3. 77„(t„+i] = and Gn+si^'') = {Vni^n+i} = '^2, if n = 
6 (mod 8) > 14. 

Obviously, we obtain Gi5(§^) = 7ri5(§^) and G'i9(S"'^°) = {3[6io, iio], ^fo, ''7io£ii} — 
3Z© (Z2)2. Let n = 2 (mod 4) > 14. Then, by (j^ . 

By (|4.13|) . [in, fin] 7^ 0. Whence, we obtain 

G'„+9(S") = {ulvn£n+i} = (Z2)^ if n = 2 (mod 4) > 14. 

Let now n = 3 (mod 4) > 11. Then, by Lemma ll.2l fl) and ()2.1|) . 

K,Vn<^n+2] = KiVriSn+i] = and by Example El (2), = 0. Whence, 

we obtain 

Gn+9m = vr„+9(S"), ifn = 3 (mod 4). 

It is easily seen that G'i3(§^) = {z/|} = Z2. Let n = 4 (mod 8) > 12. 
By Lemma 0(1) and ^B>, we have [Ln,iyl] = 0. In the light of KT^ 
and ()4.15p . [i„,?7„£„+i] = [i„, r7.^cr„+2] 7^ and [i„,/i„] 7^ 0. Assume that 
-P(a2n+i + /i2n+i) = for Q;2„+i = ?72n+i£2n+2 or T]^^_^^a2n+3- By [31, Propo- 
sition ll.lO.i)], there exists an element P G vr2~+7 satisfying EP = and 
^^/? = '72n-3(a2n-2 + /^2n-2) = r]2n-3lJ'2n-2- Ou the other hand, (Pi^2n+7) and 
Lemma ISini imply a contradictory relation H(3 = 0. So, 7^ ['-n^/^n] and 

hence 

G„+9(S") = {/^'} = Z2, if n = 4(mod8). 

Obviously, we obtain Gis(S^) = {cr9?7fg, z/|, r^geio} — (Z2)^. Let now n = 
1 (mod 8) > 17. By ^J^, 7^ and by (glTD, [in,?7„5„+i] = 0. 

In the light of IV, [Ln,iln'^n+2] = if n = 2* — 7 for i > 4 and [tn^^^n] = 
[tn,Vn'^n+2] 7^ if n = 1 (mod 8) > 17 and n 7^ 2* — 7. By the parallel 
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argument to the case n = 4 (mod 8), we get [Ln,Vn^n+2] 7^ [t-n, fJ-n] PT| 
Proposition ll.lO.ii)]. So, we obtain 

r (^"\ - S iVnSn+i} = ^2, if n = 1 (mod 8) > 17 and n^2' -7; 

' I {Vnen+l,Vn^n+2} = H U = T - l{l > 5). 

Obviously, we obtain Gi4(S^) = {z/fjr^see} — (^2)^- Let n = 5 (mod 
8) > 13. By Corollary 1131(2) and K^ . e G'„+9(S") and ^ G'„+9(§"). 
Furthermore, by Corollary 1531(2), r7„e:„+i G G'„+9(S") unless n, = 53 (mod 
64). So, we obtain 

G'„+9(§") = {ul,r]nen+i} = (Zs)^ if n = 5 (mod 8) and n ^ 53 (mod 64). 

At the end, we use the following: 

Cn e {2i„,r^„,a„+i}2 (mod 2Cn) for = r]l^^an+3 or 77„+i£„+2, if n > 11. 

Let n = (mod 8) > 16. By pT| Proposition ll.ll.i)], there exists an 
element P G T^2n+6 ^'^ch that [ini^n] = E^P and if/3 G {2i2n-5! ''72n-5 5 
a2n-4}2 9 C2n-5 (mod 2(2,1-5) • Assume that a„] = 0. Then, (V£2n+7) 
and ()2.4p induce a relation E{P — ai?^ (7772,1- io/U2n-9)) = for a G {0, 1}. 
Hence, by {VE2n+6) Lemma IH7S1 we have a contradictory relation C2n-5 G 
27r2nTl- Whence, we get that 7^ 0. In the light of and (HT^ . 

we know 7^ and [t„, /in] ^2n+8 7^ 0. This implies that 7^ 

[i„,/i„] and [in,;/^] ^ [t„, fin]- It is easy to show that [t8,^'|] = and 
^^(S^) = {(^a')r??5, asvh + 4 + ^sEq} = (^2)^- By and jSIj, we obtain 
G'25(§^^) = 0. By 4.14], there exists an element n G ^2n+2 such that 

[/,„, //^] = E^Ti, i/ri = ?72n-i3/«2n-i2, if n = (mod 8) > 16. 

Assume that [i„,^'^] = 0. Then, by {VS^'lr) and (Q, we have E^{ti - 
aE'^{'jr]2n-io 1^271-9)) = for a G {0,1}. So, by ("Pi^sn+e)' ^e have E^{ti - 
aE'^{-fr]2n-iol^2n-9)) ^ = {k-2,Cn-2]}- By applying H : nl^-^Q 

'^2n+& to this relation and by (j5.6j) . E'^iji — a-E^(7?72n-io/^2n-9)) = 0. By the 
fact that TTg^+y = T^ln+l = 0) we obtain E'^{ti - aE'^{'yr]2n-iofJ'2n-9)) = 0. 
Hence, by (^^^2,1+3) and ()5.7p . we have 

E{n - a^^(7^2n-10/^2n-9)) ^ P^gn^S = ^^^t O {(T^^.^^ , «;2n-ll } 

for n = 8t + 16. By (^^2^+2). we obtain 

Ti - E'^{a-fr]2n-10tJ-2n-9 + bMtal^_^^ + cMtK2n-li) e Puln+'A 
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with h,c E {0,1}. This induces a contradictory relation r72n-i3/t2n-i2 G 
'^'^2n+2'- Thus, we conclude that 

vl] ^0, if n = (mod 8) > 16. 

Summing the above, we get 

Proposition 6.4. The group G'„_|_9(S") is equal to the following group: 
7r„+9(§") ifn = Q or n = 3 (mod 4); {i^^^ r7„£„+i} = (Zs)^ zf n = 2 (mod 
4) > 14, n = 2* — 7 for i > 5 or n = 5 (mod 8) unless n = 53 (mod 64); 
{z/3} ^ Z2 ifn = A (mod 8); {77n£n+i} = Z2 z/ n = 1 (mod 8) > 17 and 
n ^ 2*-7; z/n = ( mod 8) > 16. Moreover, 6*17 (S*) = {(^cT')r/?5, 'J8VI5 + 
ul + V8e9} = (Z2)^ Gi8(§9) = {a,r]f,,ulrjge,o} ^ {Z^f and G^,{^^^) = 
{3[iio,/^io],/^?o>mo£ii} = 3Z©(Z2)2. 

By Lemma 11.11 Corollar\ {1.3[ f3). Proposition 11.41 and ()4.14p . we have 
determined G'„+io(S") for n > 12. 
It is easily seen that 

' {v^a' + Ee' ,2Ee' ,ai{A)a2{y), 



1^402(7), z/4a'^(7)}, if n = 4; 

7^15 (S'), ifn = 5; 

7r6g©Z3{3/5i(6)}, ifn = 6; 

{cr8Z/i5,i/8crii,o-8ai(15)}, if n = 8; 

{cr9Z/i6,/?i(9)}, ifn = 9; 

^20 = Ww^n^ ??io/^ii}, if n = 10; 

^ 7r2i(§"), ifn = ll. 



Thus, by summing up the above results, we get 

Proposition 6.5. The group G„+io(S"') is isomorphic to one of the follow- 
ing groups: Z120 © Zg, Z72 © Z2, Z24 © Z2, Z24 © Zg, Z24, Z4 © Z2, Ze © Z2 
according as n = 4,5,6,8,9,10,11. Furthermore, G„+io(S") is isomorphic 
to the group: if n = (mod 4) > 12; Z2 if n = 2 (mod 4) > 14; Z3 if 
n=l (mod 4) > 13 and Zg if n = 3 (mod 4) > 15. 

We recall that 7r„+ii(S";3) = {a^in)} = Z3 for n = 3,4 and that 
7r„+ii(S"'; 3) = {oi'sin)} = Zg for n > 5, where 3a'^{n) = as{n) for n > 5. 
By 123, 123, I^, Ell and dEHD, ttK,Cn] = 1,4,8,1,4,1,8,1 according as 
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n = 5,6, 8, 9, 10, 11, 12, 13. We easily obtain that 



{u4a'r]i4,iy4U7,U4eT, 
2E^i',e^u,2,{Eu')ej}, 

7ri6(S'), 
{ACQ,iyeUu}, 

{t's'^ie}, 
7r2o(§'), 

vr22(S"), 
{3[ii2, '-12]}, 



if 


n 


= 4; 


if 


n 


= 5; 


if 


n 


= 6; 


if 


n 


= 8; 


if 


n 


= 9; 


if 


n 


= 10 


if 


n 


= 11 


if 


n 


= 12 



By abuse of notations, Cn for n > 5 represents a generator of the direct 
summands Zg of T^n+ii ^504 of 7r„4.ii(S"'), respectively. By [12], [221, pHj - 
pij . Corollary 11.31 f 3). Proposition II .41 and ()5.6p . we obtain 




if n = 1,5,7 (mod 8) > 5; 
if n = 2 (mod 4) > 6; 
if n = (mod 4) > 8. 



Assume that n = 3 (mod 8) > 19. Then, by j3] and [12], we obtain 



7r„+io(S'0(n)) 



(Z2)^ 

(Z2)^ 



Z4, 

^16, 



if n = 3 (mod 32) > 35; 
if n = 19 (mod 64); 
if n = 51 (mod 128); 
if n = 115 (mod 128); 
if n = 11 (mod 16) > 27 



and 



Tln+l^{SO{n+l)) 




if n = 3 (mod 32) > 35; 
if ?T, = 19 (mod 64); 
if n = 51 (mod 64); 
if n = 11 (mod 16) > 27. 



In the exact sequence (^O^+iq), we get j9n+i(]R)*(['7n]/^n+i) = VnlJ^n+i and 
j9„+i(M)*[/3i(n)] = (3i{n). So, p„+i(M)^, is a split epimorphism. Whence, by 
the group structures of 7r„+io(S'0(n + k)) for /c = 0, 1, we obtain 

AC„ = 0, if n ^ 115 (mod 128) and ACn ^0, if n = 115 (mod 128). 
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So, we have [i„,Cn] =0, if n = 3 (mod 8) > 19 and n ^ 115 (mod 128). 
Consequently, by use of Lemma ITTT] and jHT] . the groups (j'„+ii(S") have 
been determined if n > 13 except n = 115 (mod 128). Thus, by summing 
up the above results, we get 

Proposition 6.6. The group G'„_|_ii(S") is isomorphic to one of the follow- 
ing groups: i^2f , 'L^QA® {'^2Y , ^2 0^4, Z2, Z5O4 0Z2, Z2, Z504, 3Z accord- 
ing as n = 4,5,6,8,9,10,11,12. Furthermore, G'„+ii(S"') is isomorphic to 
the group: Z504 if n = 1,5,7 (mod 8) > 13; Z2 if n = 2 (mod 4) > 14; 

if n = (mod 4) > 16 and Z504 if n = 3 (mod 8) > 19 provided 
n ^ 115 (mod 128). 

We recall that Cn ^ {2irn Vn^ (^n+3} for n > 11. So, by the fact that 2At„ = 
for n odd, we obtain 

ACn = -{Ai„, 2i„_i, r]l^^} o an+3 for n odd and n > 11. 

We see that 2{Ai„, 2i„_i, r7^_ J = -At„ o {26„_i, 77^.;^, 2t„+2} = 0. Hence, 
by the fact that nn+3{S0{n)) = Zig for n = 3 (mod 8) > 11, we obtain 

Remark 6.7 AC„ G 8(7r„+3(50(n)) o a^+s) if n = 3 (mod 8) > 11. 

Finally, we recall 7r22(S^°) = {[/-lo, i^io]} = ^12- Bv ProDositionlT31 G'22(S^°) = 
7r22. It is easily seen, in the light of [21], Corollarv 11.31 (3) and Proposition 

01 that G„+i2(S") = 7r„+i2(S'') unless n = 10 and 

{i'iaio,iy4riTHs,iEu')r]7ij.s, 
(ai(4) + z/4)/?i(7)} ^ Z24 © (Z2)2, if n = 4; 
{3[ii4,6i4]} = 3Z, ifn = 14; 



Gri,+l3(S" 



7r"^]^3, if 77, is even 

unless n = 2, 4, 14; 
7r„+i3(§"), if n is odd. 



We close the paper with the table of G„+fc(S") for 1 < A; < 13 and 2 < n < 26: 
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n=2 


n=3 


n=4 


n=5 


n=6 


n=7 


n=8 


k— 1 




2 


n 


n 


2 


2 


n 


k— 2 


2 


2 


n 


2 


2 


2 


n 


k— 3 


2 


1 2 




24 


9 


94 


n 


k— 4- 


19 


2 




2 


n 


n 


n 


k=5 


2 


2 


(2)2 


2 


3oo 








k=6 


2 


3 


2 1 + 3 


2 





2 





k=7 


3 


15 
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120 


3oo + 2 


k=8 


15 


2 








24 + 2 


(2)3 


(2)2 


k=9 


2 


(2)2 


2 


(2)2 


(2)3 


(2)4 


(2)2 


k=10 


(2)2 


12 + 2 


120 + 6 


72 + 2 


24 + 2 


24 + 2 


24 + 8 


k=ll 


12 + 2 


84+ (2)2 


{2f 


504 + (2)2 


4 + 2 


504 + 2 


2 


k=12 


84 + (2)2 


(2)2 


{2f 


(2)3 


240 








k=13 


(2)2 


6 


24+ (2)2 


6 + 2 


2 


6 


(2)2 



Gn+fc(S") 


n=9 


n=10 


n=ll 


n=12 


n=13 


n=14 


n=15 


n=16 


n=17 


k=l 








2 











2 








k=2 





2 


2 








2 


2 








k=3 


12 


2 


12 


2 


24 


2 


24 





12 


k=4 





























k=5 





























k=6 








2 


2 


2 





2 








k=7 


120 





240 





120 





240 





120 


k=8 


2 


2 


(2)2 








2 


(2)2 








k=9 


(2)3 


3oo+ (2)2 


(2)3 


2 


(2)2 


(2)2 


(2)3 





2 


k=10 


24 


4 + 2 


6 + 2 





3 


2 


6 





3 


k=ll 


504 + 2 


2 


504 


3oo 


504 


2 


504 





504 


k=12 





4 


2 


(2)^ 


2 














k=13 


6 


2 


6 + 2 


(2)2 


6 


3oo 


3 





3 
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tl-\-l%\°^ / 


n=18 


n=19 


n=20 


n=21 


n=22 


n=23 


n=24 


n=25 


n=26 


k— 1 


n 


2 


n 

W 


n 

W 


n 


2 


n 

W 


n 

W 


n 


k— 9 

IS. — ^ 


9 


9 


n 


n 

W 


9 


2 


n 

W 


n 

W 


9 


k— 3 

IS. fj 


2 


1 2 


n 


1 9 


2 


24 


n 




2 


k— 4 


n 


n 


n 


n 


n 


n 


n 


n 


n 


k=5 





























k=6 








2 


2 





2 











k=7 





120 





120 





120 





120 





k=8 


2 


{2f 








2 


(2)^ 








2 


k=9 


(2)^ 


(2)^ 


2 


{2f 




(2)^ 





2 




k=10 


2 


6 





3 


2 


6 





3 


2 


k=ll 


2 


504 





504 


2 


504 





504 


2 


k=12 





























k=13 





3 





3 





3 





3 






Like in j^, an integer n indicates the cyclic group Z„ of order n, the 
symbol cxo an infinite cyclic group Z, the symbol + the direct sum of groups 
and (2)^^ indicates the direct sum of fc-copies of Z2. 
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